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Evolution of Internal Granular Structure at the Flow-Arrest Transition
Ishan Srivastava · Jeremy B. Lechman · Gary S. Grest · Leonardo E. Silbert
Abstract The evolution of the internal granular structure
in shear-arrested and shear-flowing states of granular ma-
terials is characterized using fabric tensors as descriptors
of the internal contact and force networks. When a dilute
system of frictional grains is subjected to a constant pres-
sure and shear stress, the internal stress anisotropy is well-
predicted from the anisotropy of its contact and force net-
works even during transient evolution prior to steady shear
flow or shear arrest. Although the onset of shear arrest is
a highly stochastic process, the fabric tensors upon arrest
are distributed around nearly equal contributions of force
and contact network anisotropy to the total stress anisotropy.
The distribution becomes seemingly narrower with increas-
ing system size. The anisotropy of the contact network in
shear-arrested states is reminiscent of the fabric anisotropy
observed in shear-jammed packings.
Keywords Shear Jamming · Fabric Tensor · Force
Network · Granular Friction · Critical State
1 Introduction
Granular materials respond to applied stress in several re-
markable ways. When subjected to a critical ratio of shear
stress and pressure, they can plastically deform with ac-
companying dilation to reach a critical state beyond which
further quasistatic deformation is volume preserving and
rate independent [1]. When the applied stress is sufficiently
large, granular materials exhibit inertial frictional rheology,
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which is described by a proportionality between the inter-
nal shear stress and rate of shear deformation [2,3]. There-
fore, a well-defined friction-dependent critical ratio of shear
stress and pressure demarcates the plastic or fluid-like de-
formation of granular materials from a static solid-like be-
havior [4,5]. In addition to stress, the solids volume fraction
of granular materials also controls their mechanical behav-
ior: below a friction-dependent critical volume fraction (also
known as the jamming transition), granularmaterials display
fluid-like behavior, whereas above this volume fraction, the
grains are jammed and collectively exhibit mechanical rigid-
ity [6,7,5]. However, this picture has been complicated by
recent observations that granular materials can jam below
the so-called jamming volume fraction by subjecting them
to external shear strain [8,9,10,11].
The application of shear to a granular material can in-
troduce significant geometrical anisotropy within its mi-
crostructure. When sheared at its boundaries, the con-
stituent grains tend to align preferentially in the direction
of shear [12]. Such directional alignment of the grains also
results in the partial alignment of the force network giving
rise to the formation of directional force chains—as depicted
in Figs. 1(b) and (c)—which carry a majority of the shear
stress [13]. Consequently, several metrics have been pro-
posed to quantify structural anisotropy in granular materi-
als, of which the most commonly utilized is a second or-
der symmetric fabric tensor [14,15]. Early work by Rothen-
burg and Bathurst [16] demonstrated that the shear stress
within granular materials can be partitioned into contribu-
tions from various fabric tensors, thereby providing a direct
connection between bulk mechanics and inherent granular
structure. Several later studies have developed continuum
models for granular plasticity and rheology incorporating
the granular fabric tensor as a key internal variable [14,17].
The effect of structural anisotropy on the bulk mechanical
response is even more pronounced when granular materials
are subjected to complex loading paths.
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Prior studies have comprehensively explored the evolu-
tion of fabric anisotropy during quasi-static deformation of
granular materials leading to critical state and failure [18].
The structural anisotropies in granular materials during
steady inertial flows as a function of applied shear rate have
also been demonstrated [19]. However, the transient evolu-
tion of granular fabric during its transitions between solid-
like and fluid-like states remains largely unexplored. Such
studies will especially aid the development of advanced con-
stitutive laws that can predict time-dependent state of stress
and deformation in granular materials as they transition be-
tween fluid-like and solid-like behaviors.
Recent simulations have demonstrated that the stress-
induced transient flow-to-arrest transition in frictional gran-
ular materials is a highly stochastic process with a very
wide distribution of arrest times, along with power-law di-
vergences of arrest statistics near a critical shear stress, all of
which are sensitive to interparticle friction [5]. In this work
we elucidate the transient evolution of the granular fabric
during such a flow-arrest transition. We provide evidence
that stress partitioning into various fabric components—
which has been successfully applied to quasistatic defor-
mation [18] and steady inertial flows [19]—remains valid
even during the transient flow-arrest transition. We highlight
that despite the stochastic nature of this transition, the struc-
tural anisotropy of the granular material upon arrest remains
largely invariant to these statistics, indicating the presence
of a unique shear-arrested state for a given loading protocol.
2 Simulations
Dilute granular systems—composed of N slightly dispersed
spheres (within 5% of average diameter d) with a Hookean
spring stiffness kn and interparticle friction µs—are prepared
at an initial volume fraction φ = 0.05. These systems are
subjected to a constant shear stress τa and constant pres-
sure pa, such that the total applied stress σ a follows: (i)
(1/3)∑σa,ii = pa, (ii) σa,i j = τa for i, j = 1,2 and 2,1, and
(iii) σa,i j = 0 for all other indices i 6= j. While the pressure
is fixed at pa=10
−4kn/d to simulate hard particle regime at
high volume fraction, τa is modulated to simulate two dis-
tinct long-time scenarios: (i) steady shear flow at a constant
strain rate γ˙ , and (ii) shear arrest where γ˙ → 0. Here γ˙ is the
second invariant of the 3D strain rate tensor γ˙. The simula-
tion method is described schematically in Fig. 1(a).
A constant state of stress at the periodic system bound-
aries is maintained using the modularly-invariant dynamical
equations [20] of the Parrinello-Rahman (PR) method [21]
within LAMMPS [22], which allows the system bound-
aries to deform in all possible ways, i.e., shear, dila-
tion/compaction, and rotation, in response to external stress.
We simulated granular systems with two values of inter-
particle friction µs =0.001 and 1.0 representing regimes of
(a)
(b) (c)
shear
arrest
steady
flow
Fig. 1 (a) Schematic of the simulation method. The left image repre-
sents a starting configuration at low density φ =0.05, subjected to ex-
ternal pressure pa and shear stress τa. The images on the right are rep-
resentative of the final state, which can be shear arrest (top) or steady
flow at a constant strain rate γ˙ (bottom), depending on the value of
τa/pa. (b) and (c) respectively depict force networks within a granular
system at early and late times during a representative simulation. The
magnitude of contact forces between particles are color-coded and also
represented by the diameter of the connecting cylinder.
low and high friction respectively. More than 500 distinct
starting states for N =104 and more than 100 distinct start-
ing states for N = 3× 103 were simulated to provide ro-
bust statistics for shear-arrested states, following the obser-
vations in Ref. [5] that the time for the onset of arrest in a
flowing granular material is highly unpredictable. We also
performed simulations for intermediate interparticle friction
µs=0.065, and observed similar phenomenology as low and
high friction systems.
The internal (Cauchy) stress state σ of a granular ma-
terial is tracked during its evolution under external applied
stress from the interparticle contact forces as: σ = ∑cfc⊗
rc, where fc and rc are the force and branch vectors between
two contacting particles, and the summation is over all con-
tacts. The kinetic contribution to the total internal stress is
insignificant compared to contact stress contribution. Two
relevant invariants of Cauchy stress are measured, (i) pres-
sure p=(1/3)∑σii and (ii) shear τ=
(
0.5∑i, j τi jτi j
)1/2
, and
the total stress anisotropy of a granular material is defined
by the ratio µ =τ/p.
3 Bulk Response
Figure 2 demonstrates the temporal evolution of key bulk
variables, i.e., strain rate γ˙ , volume fraction φ and average
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(a) (b)
Fig. 2 From top to bottom: variation of strain rate γ˙ , volume fraction
φ and coordination number z with time t for three values of applied
stress ratio τa/pa for interparticle frictions (a) µs=0.001, and (b) µs=
1.0. Blue, red and black curves in (a) and (b) represent evolution for
increasing τa/pa respectively, where black represents steady flowing
state, and blue and red represent shear arrest (see main text for values
of τa/pa). Vertical dashed lines of the same color indicate the time
for the onset of arrest tc, while the horizontal dashed line in the upper
panels represent the criterion for determining the onset of arrest.
coordination number z, for the same starting state of N= 104
particles subjected to different values of stress ratio τa/pa,
which highlight two distinct dynamical scenarios: (i) steady
shear flow at a constant mean γ˙ for high shear τa/pa=0.137
for low friction and τa/pa=0.357 for high friction, and (b)
shear arrest at a distinct time tc for low shear τa/pa=0.019
(blue) and 0.119 (red) for low friction, and τa/pa = 0.348
(blue) and 0.351 (red) for high friction. The shear arrest is
followed by γ˙ → 0 for t > tc. The onset time for shear arrest
tc is defined as the time at which γ˙ drops below a minimal
value of 10−9, as indicated in Fig. 2. The two distinct re-
sponses, which characterize the flow-arrest transition, are
observed for both low interparticle friction µs = 0.001 in
Fig. 2(a) and high interparticle friction µs= 1.0 in Fig. 2(b).
At early times the granular system rapidly compacts to a
friction-dependent volume fraction, which remains invariant
with time for both shear arrest and shear flow. For low inter-
particle friction, φ ∼ 0.64, which is similar to the random
close pack density of frictionless spheres, while φ∼0.59 for
high friction, which is similar to the critical volume frac-
tion in the critical state plasticity theory [1]. Although the
bulk strain rate exhibits a bifurcation of several orders of
magnitude depending upon the applied shear stress, volume
fraction is insensitive to this transition.
Unlike φ , the coordination number z exhibits differences
between long-time steady shear flow and shear arrest. The
early time compaction of the granular system is accompa-
nied by a rapid rise in z, after which it fluctuates around
a mean value during a period of transient flow at a con-
stant volume, prior to steady shear flow or arrest. The mean
value of z during transient flow is dependent on both shear
stress and friction, with a moderately larger z for lower shear
stress and lower friction, consistent with previous observa-
tions on steady inertial flows [19]. While z continues to fluc-
tuate around a mean value for systems entering steady shear
flow, the onset of shear arrest is characterized by a sudden
change in z to a shear-independent value regardless of the
onset of arrest, as shown in Fig. 2. For low friction parti-
cles z=5.98±0.01, whereas z=3.63±0.04 for high friction
particles. Hence, upon arrest these values are similar to the
coordination number obtained for isotropic jamming of fric-
tional and frictionless particles [7,23,24]. These estimates
for z were averaged from multiple shear arrest simulations,
and the errors represent the standard deviation. These re-
sults demonstrate the uniqueness of coordination number for
a given interparticle friction for all shear-arrested states at-
tained through the same loading protocol regardless of arrest
statistics and applied shear stress.
4 Fabric Evolution
Volume fraction and coordination number describe the
mechanical behavior of granular materials in the vicin-
ity of isotropic fluid to solid jamming transition, as ob-
served by the scaling of these quantities with system pres-
sure [25]. However, the anisotropy induced within contact
and force networks in granular materials upon the applica-
tion of shear stress requires additional characterization be-
yond such isotropic measures. Fabric tensors provide a ten-
sorial representation of the contact and force networks in
granular materials, and consequently, the inherent structural
anisotropy [26,27]. The geometry of the contact network
can be described by the distribution P(n) of orientation of
contact normals n in terms of a fabric tensor:
Ri j =
Nc
V
∫
V
P(n)nin jdn, (1)
where ni is the i-th component of a contact normal n, Nc is
the number of contacts, andV is the volume of the system. It
is often convenient to express the contact orientation distri-
bution in terms of a second-order Fourier expansion of P(n)
as [15,16]:
P(n) =
1
4pi
[
1+ aci jnin j
]
, (2)
where aci j is a symmetric and deviatoric contact anisotropy
tensor whose magnitude quantifies the magnitude of geo-
metrical anisotropy of the contact network.
Similarly, the force-carrying network in a granular ma-
terial presents a source of mechanical anisotropy, which can
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(a) (b)
Fig. 3 From top to bottom: variation of scaled fabric anisotropies: con-
tact a∗c (solid), normal force a
∗
n (dashed), and tangential force a
∗
t (dot-
ted) with time t for the three cases displayed in Fig. 2 for interparticle
frictions (a) µs = 0.001, and (b) µs = 1.0. Blue, red and black curves
correspond to simulations of the same color displayed in Fig. 2. Black
vertical dashed lines indicates the time for the onset of arrest tc for the
two cases the arrest (middle and lower panels). The value of a∗t (dotted
line) in (a) is small and not visible in the graphs.
be quantified using tensors representing the force fabric. Par-
ticularly, a normal force anisotropy tensor ani j and a tangen-
tial force anisotropy tensor ati j can be defined such that ori-
entational distribution of normal forces f n(n) and tangential
forces f t (n) are represented in their second-order Fourier
expansion as [16]:
f n(n) = f0
[
1+ ani jnin j
]
,
f ti (n) = f0
[
atiknk− (a
t
klnknl)ni
]
, (3)
where f0 is the mean normal contact force in the granular
material.
Prior studies have shown that the total internal stress in
granular materials can be partitioned into orientational dis-
tributions of contact normal and force vectors as follows [15,
16]:
σi j =
Ncl0
V
∫
Ω
fi(n)n jP(n)dn, (4)
where the integration is over the entire angular domain Ω ,
l0 is the mean center-to-center distance of contacting parti-
cles, and fi(n) is the orientational distribution of the total
contact force vector, which can be decomposed into normal
and tangential contributions, as shown in Eq. 3. Combining
Eqs. 2, 3 and 4 along with the definition of stress anisotropy
µ reveals the following stress-force-fabric relation [18]:
µ ∼
2
5
(
ac + at +
3
2
at
)
, (5)
where ac, an and at are the second invariants of the devia-
toric fabric tensors aci j, a
n
i j and a
t
i j respectively. The equality
in Eq. 5 holds true only if the three fabric tensors are co-
axial with the stress tensor. Regardless of the applied stress
or interparticle friction, we observe co-axiality of all fabric
tensors with the stress tensor at all times except during early
transients when the contact network is still evolving.
Figure 3 demonstrates the evolution of three scaled fab-
ric anisotropies a∗c =(2/5)ac/µ , a
∗
n =(2/5)an/µ , and a
∗
t =
(3/5)at/µ for the same bulk response depicted in Fig. 2
(same color) for low and high friction at different values of
applied τa. After the early transients during which the con-
tact and force networks develop as a result of rapid com-
paction, the stress-force-fabric relation in Eq. 5 is satisfied
at all times even during the transient flowing state before
the system either arrests (red and blue curves) or continues
flowing indefinitely in a steady flow (black curves), thereby
demonstrating co-axiality of the stress tensor with all the
fabric tensors. However, the relative contribution of fabric
anisotropies to the total internal stress anisotropy varies sig-
nificantly with time. Early in the transient flowing state,
contact anisotropy ac dominates the total system anisotropy,
whereas the force network remains fairly isotropic, indicat-
ing that although a large number of contacts begin to align
in the direction of shear, rapid breaking and forming of new
contacts does not sustain the directionality of the force net-
work. As time progresses, the relative contribution of con-
tact (force) network decreases (increases) towards seem-
ingly steady values, in which ac and an provide nearly equal
contribution to the total stress anisotropy. Figs. 1(b) and
(c) respectively depict the force network for a representa-
tive simulation during early and late times, and the isotropic
(anisotropic) nature of the force network at early (late) time
is apparent. The anisotropy of the tangential force network
remains significantly smaller compared to contact and nor-
mal force network, and is expectedly non-existent for the
case of lower friction. The near-equality of ac and an for
quasistatic flows near the flow-arrest transition is consistent
with previous observations of fabric evolution in steady in-
ertial flows [19].
The fabric anisotropies of the steady flowing systems
continue to fluctuate around a mean value at long times. For
the systems that arrest, the three fabric anisotropies instan-
taneously become time-invariant, thereby indicating an ar-
rested microstructure. Interestingly, regardless of interpar-
ticle friction or applied shear, a∗c ∼ a
∗
n ∼ 0.5 upon arrest,
while a∗t is relatively small, and the equality of Eq. 5 holds.
This indicates that the shear-arrested states can be uniquely
defined by friction-dependent volume fraction, coordina-
tion number and fabric anisotropies, with nearly equiva-
lent contribution of contact and force network anisotropies.
Additionally, it is expected that the shear-arrested fabric
anisotropies depend significantly upon the loading protocol,
which is same for all systems in the present simulations.
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(a) (b)
Fig. 4 (a) Evolution of strain rate γ˙ for three different starting states at
the same applied stress ratio τa/pa for interparticle friction µs = 1.0.
The vertical dashed lines indicate the onset of arrest tc for each case.
(b) Evolution of scaled fabric anisotropies: contact a∗c (solid), normal
force a∗n (dashed), and tangential force a
∗
t (dotted) for each of the three
cases displayed in (a). The vertical dashed lines indicate the onset of
arrest tc for each case.
5 Fabric States at Shear Arrest
Recent simulations have demonstrated that the flow to arrest
transition in frictional granular materials is a highly stochas-
tic process. The onset of arrest below critical shear at time tc
exhibits a heavy-tailed distribution, whose moments diverge
near the critical shear threshold [5]. As an example, Fig. 4(a)
demonstrates shear arrest for three different starting states
of granular systems subjected to the same sub-critical shear
stress τa, and with the same interparticle friction. Although
all the three systems eventually arrest, their onset of arrest
times tc vary by more than an order of magnitude. Here we
examine whether this stochasticity associated with shear ar-
rest is reflected in the response of the contact and force fab-
ric of the granular material.
The evolution of three scaled fabric anisotropies for
three cases of shear arrest in Fig. 4(a) is shown in Fig. 4(b).
The response of the fabric after early transients and be-
fore shear arrest is qualitatively equivalent in all the three
cases: at early times, a∗c dominates the total stress anisotropy,
and as time progresses, a∗c and a
∗
n evolve to nearly equiva-
lent values. However, more crucially, the state of the fabric
upon arrest is nearly the same for all the three cases, with
a∗c ∼ a
∗
n∼ 0.5, thereby indicating that the fabric is indepen-
dent of the time to arrest.
We examined the statistics of the state of the fabric upon
arrest in greater detail by simulating multiple starting states
towards shear arrest for the same value of applied shear.
Figs. 5(a) and (b) respectively highlight the scatter of ac
and an for all the cases of shear arrest for low friction and
high friction respectively. The fabric anisotropies are scat-
tered around (non-scaled) mean values of ac=0.154±0.005,
an = 0.150±0.005 and at = 6.9×10
−5±4×10−6 for low
friction, and ac = 0.456±0.009, an = 0.426±0.007 and
at =0.060±0.003 for high friction. Expectedly, higher inter-
particle friction results in greater microstructural anisotropy
which also leads to a larger stress anisotropy through the
stress-force-fabric relation. For smaller system sizes, the
scatter of the fabric anisotropies is larger, as shown in Fig. 5,
although they are scattered around a similar mean value.
This signifies the importance of finite system size effects,
and it also possibly indicates that for an infinitely large sys-
tem, the distributionwill vanish around unique values of fab-
ric anisotropies. A systematic study of system size effects
will better elucidate the uniqueness of arrested fabric.
The narrow distribution of the fabric anisotropies indi-
cates the uniqueness of the fabric at shear arrest. Unlike ac
and an which are slightly negatively correlated for finite sys-
tem sizes (see dashed linear correlation fits in Figs.5(a) and
(b)) due to the constraints of Eq.5, we find no correlation be-
tween arrest times tc and fabric anisotropies. Figs.5(c) and
(d) highlight the scatter of tc and ac, and no correlation be-
tween the two is observed, thereby implying that no matter
how long the granular system takes to arrest from its flow-
ing state, it will arrest to a uniquely defined internal granular
structure.
(a) (b)
(d)(c)
Fig. 5 Correlation between normal force fabric anisotropy an and con-
tact force fabric anisotropy ac for interparticle frictions (a) µs = 0.001
and (b) µs = 1.0. Dashed lines represent the best linear fit with slopes
−0.92 and−0.61 for (a) and (b) respectively. Scatter of the time for the
onset of arrest tc and ac for (c) µs = 0.001 and (d) µs = 1.0. Points in
(a) - (d) represent data from system sizes N=3×103 (red) and N=104
(blue).
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6 Conclusions
The results presented here have two important implications.
Shear jamming of granular materials was first observed in
seminal experiments by Bi et al. [8], which were later sim-
ulated for frictional [24] and frictionless [10,11] particles
through various strain-controlled protocols. These experi-
ments observed the presence of fragile states in addition
to shear-jammed states, and a subsequent theory was de-
veloped to identify the transition between them [28]. The
shear-arrested states simulated in this study through a com-
pletely stress (and pressure)-controlled protocol bear resem-
blance to those observed in previous studies. They are highly
anisotropic in their fabric, and importantly, their internal
state of stress is uniquely defined by the stress invariants
µ and p, unlike strain-controlled methods where the inter-
nal stress is not uniquely defined [10]. Further analysis is re-
quired to highlight similarities and differences between such
shear-arrested and shear-jammed states of granular matter.
Additionally, it remains to be seen whether these shear-
arrested states exhibit signs of fragility [8], i.e., any direc-
tional instability to shear. Recent stress-controlled simula-
tions on frictional suspensions at a constant volume provide
insight into the differences between shear-jammed and frag-
ile states of granular materials [29].
Recent advances in continuummodeling of granular ma-
terials have begun to include anisotropic effects in constitu-
tive models [30]. Particularly, advances to the classical crit-
ical state theory have included the role of fabric [31,32,33],
in addition to volume fraction and stress ratio, to uniquely
define a critical state of granular plasticity at which granu-
lar materials deform indefinitely at a constant volume and
stress. The uniqueness of critical state granular fabric has
also been backed by recent simulations [34]. The simula-
tions presented here highlight the opposite phenomenon of
the arrest of a flowing granular material. Currently, no con-
stitutive models exist that can predict transient granular flow
prior to shear arrest, and stochastic nature of shear arrest
itself. However, the preceding results, which elucidate the
unique state of granular fabric upon shear arrest, highlight
the importance of including fabric tensor as a key parameter
in the future development of such constitutive models.
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